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FGM components are constructed to sustain high temperature gradients. There are many applications where the FGM
components are vulnerable to transient thermal shocks. If a component is already under compressive external loads (e.g.
under a combination of axial compression and external pressure), the mentioned thermal shocks will cause the component
to exhibit dynamic behavior and in some cases may lead to buckling. On the other hand, a preheated FGM component
may undergo dynamic mechanical loads. Only static thermal buckling investigations were developed so far for the FGM
shells. In the present paper, dynamic buckling of a pre-stressed, suddenly heated imperfect FGM cylindrical shell and
dynamic buckling of a mechanically loaded imperfect FGM cylindrical shell in thermal environment, with temperature-
dependent properties are presented. The general form of Green’s strain tensor in curvilinear coordinates and a high order
shell theory proposed already by the author are used. Instead of using semi-analytical solutions that rely on the validity of
the separation of variables concept, the complicated nonlinear governing equations are solved using the ﬁnite element
method. Buckling load is detected by a modiﬁed Budiansky criterion proposed by the author. The eﬀects of tempera-
ture-dependency of the material properties, volume fraction index, load combination, and initial geometric imperfections
on the thermo-mechanical post-buckling behavior of a shell with two constituent materials are evaluated. The results reveal
that the volume fraction index and especially, the diﬀerences between the thermal stresses created in the outer and the inner
surfaces may change the buckling behavior. Furthermore, temperature gradient and initial imperfections have less eﬀect on
buckling of a shell subjected to a pure external pressure.
 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Functionally graded materials are mainly developed to sustain severe temperature gradients. Low thermal
conductivity, low coeﬃcient of thermal expansion and core ductility have enabled the FGM material to with-0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.12.015
* Tel.: +98 9122727199.
E-mail addresses: m_shariyat@yahoo.com, shariyat@kntu.ac.ir
M. Shariyat / International Journal of Solids and Structures 45 (2008) 2598–2612 2599stand higher temperature gradients for a given heat ﬂux. Rapid heating of structural components that are
already under mechanical compressive loads may result in a thermal shock and in turn, in dynamic buckling.
Examples of structures undergo extremely high temperature gradients are plasma facing materials, propulsion
system of planes, cutting tools, engine exhaust liners, aerospace skin structures, incinerator linings, thermal
barrier coatings of turbine blades, thermal resistant tiles, and directional heat ﬂux materials. Continuously
varying the volume fraction of the mixture in the FGM materials eliminates the interface problems, mitigates
thermal stress concentrations and causes a more smooth stress distribution. Extensive thermal stress studies
made by Noda (1991) and Tanigawa (1995) reveal that the weakness of the ﬁber reinforced laminated com-
posite materials, such as delamination, huge residual stresses, and locally large plastic deformations, may
be avoided or reduced in FGM materials. Numerous researches in the thermal buckling analysis of composite
cylindrical shells ﬁeld may be found in the literature. For example, Birman and Bert (1993), Shen (1999,
2002a), and Shen and Li (2002) studied the static thermal buckling and Eslami and Shariyat (1998, 1999)
and Shariyat and Eslami (1999, 2000) investigated the dynamic thermal buckling through revised shell theories
proposed by them.
Ng et al. (2001) studied the parametric resonance and the dynamic stability of FGM cylindrical thin shells
under periodic axial loading. In this research, Reddy and his co-workers developed a theory for FGM cylin-
drical shells in a ﬁxed thermal environment. Since functionally graded structures are most commonly used in
high temperature environments where signiﬁcant changes in mechanical properties of the constituent materials
are to be expected, it is essential to take into consideration this temperature-dependency for accurate predic-
tion of the mechanical response. Reddy and Chin (1998), have investigated this phenomenon and proposed a
nonlinear equation to describe variations of the mechanical properties with temperature change. Shen (2002b,
2003) and Shen and Leung (2003) presented a postbuckling analysis of FGM cylindrical thin shells subjected
to axial compression or external pressure in thermal environments. The transverse shear deformation is not
accounted for in these works. The governing equations are based on the classical shell theory. The nonlinear
prebuckling deformations and initial geometric imperfections of the shell are both taken into account. The
form of initial geometric imperfection is assumed to be the same as the initial buckling mode of the shell.
A boundary layer theory of shell buckling, which includes the eﬀects of nonlinear prebuckling deformations,
large deﬂections in the postbuckling range, and initial geometric imperfections of the shell, is extended to the
case of FGM cylindrical shells. A singular perturbation technique is employed to determine the buckling loads
and the postbuckling curves. Buckling loads are determined for various ﬁxed uniform environment tempera-
tures. Material properties are assumed to be temperature-dependent. The given results reveal that the post-
buckling behavior of the FGM shell is stable under external pressure in thermal environments.
Shahsiah and Eslami (2003) presented a buckling analysis for simply supported FGM cylindrical shells
under two cases of thermal loading, i.e. uniform temperature rise and linear and nonlinear gradient through
the thickness, based on the ﬁrst order shear deformation shell theory and an order analysis already proposed
by Eslami and Shariyat (1997). In their analysis, the material properties were considered to be independent of
temperature. A semi-analytical solution using one term of the Fourier double series is employed. A thermal
postbuckling analysis is also presented by Shen (2004) for a functionally graded cylindrical thin shell (neglect-
ing the shear deformation eﬀects). The temperature ﬁeld is assumed to be uniform throughout the shell. Mate-
rial properties are assumed to be temperature-dependent. Similar equations and techniques as his previous
papers were used.
Woo et al. (2005) provided a semi-analytical solution for the postbuckling behavior analysis of moderately
thick plates and shallow panels made of functionally graded materials under compressive loads and a speciﬁed
temperature ﬁeld. Material properties are considered temperature-independent. The fundamental equations
for shallow FGM panels are obtained using the von Karman theory for large transverse deﬂections and
the third order shear deformation plate theory developed by Reddy (2003).
Based on a previous work (Shen and Liew, 2004), Shen (2005) presented a postbuckling analysis for FGM
cylindrical shells with piezoelectric actuators subjected to axial compression in thermal environments. One-
dimensional steady state heat conduction was assumed and temperature-dependent material properties of
both FGM and piezoelectric layers were taken into account. The results reveal that the control voltage has
a very small eﬀect on the buckling load and postbuckling behavior, and it has almost no eﬀect on the imper-
fection sensitivity of the FGM hybrid cylindrical shells.
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ronments is presented by Shen and Noda (2005). One-dimensional steady state heat conduction through the
thickness was assumed. The formulations are based on Reddy’s higher order shear deformation shell theory
with von Karman–Donnell-type of kinematic nonlinearity and including thermal eﬀects. Therefore, unlike the
previous works of the mentioned authors, the transverse shear deformation eﬀects are taken into consider-
ation. The results reveal that the temperature ﬁeld and volume fraction distribution have a signiﬁcant eﬀect
on the postbuckling behavior, but they have a small eﬀect on the imperfection sensitivity of the functionally
graded shell. As before, for simplicity, the form of the initial geometric imperfection is assumed to be the same
as the initial buckling mode of the shell.
In the aforementioned studies, the loading condition is either thermal or mechanical. The eﬀect of a com-
bined thermo-mechanical loading was not considered. Yang et al. (2006) investigated the thermo-mechanical
buckling and post-buckling of FGM imperfect cylindrical thin panels with temperature-dependent material
properties. It was assumed that the panel is initially stressed by an axial load, and is then subjected to a uni-
form temperature change. The theoretical formulations are based on the classical shell theory with von Kar-
man–Donnell-type nonlinearity.
Shen and Noda (2007) presented a postbuckling analysis for FGM cylindrical shells with piezoelectric actu-
ators subjected to lateral pressure in thermal environments. Temperature-dependent material properties are
used. The details as well as the techniques are somewhat similar to those already presented by Shen (2005).
Only the static thermal buckling of FGM cylindrical shells has been investigated so far. In the present
paper, dynamic buckling of a pre-stressed, suddenly heated imperfect FGM cylindrical shell and dynamic
buckling of a mechanically loaded imperfect FGM cylindrical shell in thermal environment, with tempera-
ture-dependent material properties are presented. The most general form of the strain tensor is employed.
In contrast to all shell theories used so far, the shell theory presented by Shariyat and Eslami (2000) is used.
In this theory, the common Love–Timoshenko assumption is released. Transverse shear stresses inﬂuences are
also taken into consideration. Material properties are assumed to be temperature-dependent. The ﬁnite ele-
ment method is used to solve the governing equations. Solution is performed using a two-step method. For
shells already subjected to a combination of axial compression and external pressure, a transient thermal anal-
ysis is performed before the dynamic thermal buckling analysis. Thermoelastic coupling is considered by tak-
ing the eﬀect of the temperature dependency of the constitutive equations of the materials into consideration.
Incremental and iterative numerical procedures are used. A modiﬁed Budiansky’s criterion recently presented
by Shariyat (2007) is utilized to determine the buckling load.2. The governing equations
Consider an FGM circular cylindrical shell that is made of ceramic and metallic materials combination with
continuously varying mixture ratios. The coordinate system, the geometric parameters and the displacement
components of the shell are shown in Fig. 1. The shell is assumed to be geometrically imperfect, and for exam-
ple, is already subjected to a combination of axial load P and external pressure p before the thermal shock
application. Some ambiguities and errors will arise when using the mid-plane concept in shells with asymmet-
ric layers (such as the FGM shells). Furthermore, using the distance from the mid-plane as a geometric var-
iable in the shell theories, necessitates using assumptions such as: Byrne–Flugge–Glodenveizer–Novozhilov,
Reissner–Naghdi–Berry, Vlasov, Sanders, Donnell–Mushtari, and Love–Timoshenko assumptions (Leissa,
1993). For this reason, a modiﬁed high order deformation theory that is already introduced by Shariyat
and Eslami (2000), is employed in the present research. Based on this theory, one may choose the radial var-
iable r (measured from the cylinder axis), instead of the distance from the mid-surface.
It is assumed that the FGM cylinder consists of two constituent materials so that the outer layer (r = ro) of
the FGM shell is ceramic-rich whereas the inner layer (r = ri) is metal-rich and the material composition varies
continuously through the thickness.
Temperature-dependency of an arbitrary material property (P) may be expressed as (Touloukian, 1967):P ¼ P 0ðP1=T þ 1þ P 1T þ P 2T 2 þ P 3T 3Þ ð1Þ
Fig. 1. Geometric parameters and displacement components of the cylindrical shell.
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may be determined using the classical heat transfer equation. For axisymmetric heat transfer, this equation
has the following form:1
r
oT
or
oðkrÞ
or
þ kr o
2T
or2
 
¼ qCv _T ð2Þwhere the thermal conductivity (k), mass density (q), and the speciﬁc heat (Cv) are all functions of the temper-
ature and the radial coordinate, r. Eq. (2) may be solved incorporating appropriate boundary conditions. For
example, if the outer surface of the shell is heated through a convection heat transfer process while the inner
surface is isolated, the corresponding thermal boundary conditions may be written as:r ¼ ro : 2pkr oTor þ 2prhðT  T1Þ ¼ 0
r ¼ ri : 2pkr oTor ¼ 0
ð3ÞThe material property at any point along the thickness of the FGM cylinder is related through the follow-
ing equation to the material properties of the constituent materials:P ðrÞ ¼ PmðvfÞm þ P cðvfÞc ð4ÞPm and Pc are the temperature-dependent properties of the metal and the ceramic, respectively, and each may
be calculated from Eq. (1). (vf)m and (vf)c are the metal and the ceramic volume fractions, respectively. Using a
simple power law, one may write:ðvfÞm ¼ 1 ðvfÞc ¼
ro  r
ro  ri
 N
ð5ÞConsequently:P ðrÞ ¼ ðPm  P cÞ ro  rro  ri
 N
þ P c ð6Þwhere N is the power-law exponent or the so-called volume fraction index.
Employing the general form of Green’s strain tensor in curvilinear coordinates (Fung and Tong, 2002; Hau-
pt, 2002) the exact form of the strain–displacement equations of the imperfect circular cylindrical shell are
derived as (Shariyat and Eslami, 1999):
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2
ðw;rÞ2 þ 2w;rw0;r þ ðv;rÞ2 þ ðu;rÞ2
h i
ehh ¼ 1r ðv;h þ wÞ þ
1
2r2
ðv;h þ wþ w0Þ2 þ ðw;h þ w0;h  vÞ2 þ ðu;hÞ2  w20  ðw0;hÞ2
h i
exx ¼ u;x þ 1
2
½ðw;xÞ2 þ 2w;xw0;x þ ðv;xÞ2 þ ðu;xÞ2
erh ¼ 1
2
v;r þ 1
2r
ðw;r þ 1Þðw;h  vÞ  vw0;r þ w;rw0;h þ w;hw0;r þ v;rðv;h þ wþ w0Þ þ u;ru;h½ 
erx ¼ 1
2
½w;xð1þ w;rÞ þ w0;xw;r þ w;xw;0r þ u;r þ v;rv;x þ u;ru;x
ehx ¼ 1
2
v;x þ 1r u;h
 
þ 1
2r
½v;xðv;h þ wþ w0Þ þ u;hu;x þ ðw;x þ w0;xÞðw;h  vÞ þ w;xw0;h
ð7ÞThe symbol ‘,’ denotes a partial derivative. Based on Eq. (7) increments of the strain components may be
determined as:derr ¼ u;rdu;r þ v;rdv;r þ ½1þ ðwþ w0Þ;rdw;r
dehh ¼ 1r2 f½v ðwþ w0Þ;hdvþ ðr þ v;h þ wþ w0Þdwþ u;h:du;h þ ðr þ v;h þ wþ w0Þdv;h
þ ½ðwþ w0Þ;h  vdw;hg
dexx ¼ ð1þ u;xÞdu;x þ v;xdv;x þ ðwþ w0Þ;xdw;x
derh ¼ 1
2r
f½1þ ðwþ w0Þ;rdvþ v;rdwþ u;hdu;r þ ðr þ v;h þ wþ w0Þdv;r þ ½ðwþ w0Þ;h  vdw;r
þ u;rdu;h þ v;rdv;h þ ½1þ ðwþ w0Þ;rdw;hg
derx ¼ 1
2
fð1þ u;xÞdu;r þ v;xdv;r þ ðwþ w0Þ;xdw;r þ u;rdu;x þ v;rdv;x þ ½1þ ðwþ w0Þ;rdw;xg
dehx ¼ 1
2r
fðwþ w0Þ;xdvþ v;xdwþ ð1þ u;xÞdu;h þ v;xdv;h þ ðwþ w0Þ;xdw;h þ u;hdu;x
þ ðr þ v;h þ wþ w0Þdv;x þ ½ðwþ w0Þ;h  vdw;xg
ð8ÞThe displacement ﬁeld is assumed to vary according to the following equation:uðr; h; x; tÞ ¼ Pn
k¼0
Ukðh; x; tÞrk
vðr; h; x; tÞ ¼ Pn
k¼0
V kðh; x; tÞrk
wðr; h; x; tÞ ¼ Pn
k¼0
W kðh; x; tÞrk
8>>>><
>>>>:
)
duðr; h; x; tÞ ¼ Pn
k¼0
dUkðh; x; tÞrk
dvðr; h; x; tÞ ¼ Pn
k¼0
dV kðh; x; tÞrk
dwðr; h; x; tÞ ¼ Pn
k¼0
dW kðh; x; tÞrk
8>>>><
>>>>:
ð9ÞThe parameters Uk, Vk, andWk may be associated with the physical parameters. For example, if a third order
shear deformation theory, similar to Reddy’s theory is used, variations of the Uk, Vk, and Wk expressions
within an element may be described as:
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ð10Þwhere R is the reference radius, N is the shape functions vector of the element, uðeÞ; vðeÞ;wðeÞ;uðeÞx ;u
ðeÞ
h are the
nodal displacement and rotation vectors of the layer corresponding to the reference surface, and (e) symbol
denotes the element values. Therefore, based on Eq. (10), one may write:u ¼
X3
i¼0
riBiþ1d
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X3
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riBiþ5d
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d0id0jB
T
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1
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 
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(
þ 1
2
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T
9;hB9;h þ
1
2
BTjþ1;hBiþ1;h

þ ri2 ðr þ w0ÞðBiþ5;h þ d0iB9Þ þ w0;hðd0iB9;h  Biþ5Þ½ 

dðeÞ
ex ¼
X3
i¼0
X3
j¼0
1
2
riþjdðeÞ
T
BTjþ1;xBiþ1;x þ BTjþ5;xBiþ5;x þ d0id0jBT9;xB9;x
 
þ riðBiþ1;x þ d0iw0;xB9;xÞ
" #
dðeÞ
erh ¼ 1
2
X3
i¼0
X3
j¼0
i:riþj2dðeÞ
T
BTjþ5;h þ d0jBT9
 
Biþ5 þ BTjþ1;hBiþ1
h i
þ ri1½ði 1þ iw0=rÞBiþ5 þ d0iB9;h
( )
dðeÞ
erx ¼ 1
2
X3
i¼0
X3
j¼0
i:riþj1dðeÞ
TðBTjþ1;xBiþ1 þ BTjþ5;xBiþ5Þ þ ri1ðd0irB9;x þ iBiþ1Þ
" #
dðeÞ
exh ¼ 1
2
X3
i¼0
X3
j¼0
riþj1dðeÞ
T
BTjþ5;h þ d0jBT9
 
Biþ5;x þ BTjþ1;xBiþ1;h  d0jBT9;xBiþ5 þ d0id0jBT9;hB9;x
h i(
þri1½ðr þ w0ÞBiþ5;x þ Biþ1;h  w0;xBiþ5 þ d0iw0;hðB9;x þ B9;hÞ
)
dðeÞ
ð13Þ
Bk is the kth row of the B matrix and dij is the Kronecker delta. Eq. (13) may be written in the following com-
pact form:eðeÞ ¼ NðdðeÞÞdðeÞ ð14Þ
2604 M. Shariyat / International Journal of Solids and Structures 45 (2008) 2598–2612where:eT ¼ heh; ex; erh; erx; ehxi
In a similar manner:deh ¼
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i¼0
X3
j¼0
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" #
ddðeÞ
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T
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 
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)
ddðeÞ
ð15Þ
or in a compact formdeðeÞ ¼ KðdðeÞÞddðeÞ ð16Þ
The governing equations are derived using Hamilton’s principles. Neglecting the structural damping and the
body force eﬀects, this principle may be expressed in terms of the second Piola–Kirchhoﬀ stress tensor sij and
Almansi–Hamel strain tensor eij as (Washizu, 1982):Z t2
t1
Z Z
s
Z ro
ri
ðsijdeij þ q€uiduiÞdr ds dX
 
dt ð17Þand in terms of the physical components, for a shell subjected to external pressure and axial force as:Z t2
t1
Z ro
ri
Z
s
ðrijdeijþq€uiduiÞds drdX
 
dt¼
Z t2
t1
Z
s
Z ro
ri
ðddðeÞTKTrðeÞ þqddðeÞTB
_
TB
_
€dðeÞÞdr
n i

pddðeÞTBT9
o
dS
Z 2p
0
Z ro
ri
rndd
ðeÞTX3
i¼1
riBTiþ1jx¼Lrdr dh
)
dt¼ 0
ð18Þ
Xis the work of the external loads and rn is the axial compressive stress. Based on the stress–strain relations,
one may write:rðeÞ ¼ QeðeÞ  b
_
DT ; b
_
T ¼ hb; b; 0; 0; 0i ð19Þwhere:
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Eðr; T Þ
1 m2 ; Q12 ¼ Q21 ¼
m:Eðr; T Þ
1 m2 ; Q33 ¼ Q44 ¼ Q55 ¼
Eðr; T Þ
2ð1þ mÞ ; bðrÞ ¼
aðrÞ  EðrÞ
1 2m ð20Þand all other (Qij; i, j = 1, . . . , 6) are equal to zero. Since dd
(e) is an arbitrary vector, from Eq. (18), the gov-
erning FEM equation will be:M€dðeÞ þ KdðeÞ ¼ F ð21Þ
whereM ¼
Z
S
Z ro
ri
qB
_
T B
_
dr dS
K ¼
Z
s
Z ro
ri
KTQNdr dS
F ¼
Z
s
Z ro
ri
KT b
_
DTdr dS þ
Z
S
pBT9 dS þ
Z 2p
0
Z ro
ri
rn
X3
i¼1
riBTiþ1jx¼Lrdrdh
ð22ÞM, K, and F are the mass, stiﬀness, and the force matrices, respectively. The last term of the force vector is set
equal to zero except for elements with one edge subjected to the external compressive load.3. The proposed numerical solution
Due to the nonlinear behavior of the shell, an incremental and iterative solution is employed. Numerical
solution is accomplished using the following steps:
1. Mechanical loads are divided to many increments. Subsequently, the loading is accomplished during the
same number of steps.
2. At the beginning of each loading step, values of the displacement, velocity, and acceleration components of
the previous loading stage are utilized to construct the stiﬀness matrix. At the ﬁrst stage, initial values are
used as a ﬁrst estimation.
3. The stiﬀness matrix is updated based on the values of the displacement components obtained at the end of
the previous iteration. This procedure is continued until convergency is reached. Since the pre-loading is
performed in a static manner, mass matrix components are set equal to zero.
4. When the static mechanical or thermal pre-loading is completed, the dynamic loading is started and accom-
plished during an incremental increasing.
5. For thermal buckling analysis case, the temperature gradient is determined solving Eq. (2), for each time
interval. Then, material properties of the mixture are updated [Eqs. (4) and (6)].
6. Eq. (21) is solved in an iterative procedure until the displacements, velocities, and accelerations become
convergent. In each iteration, the stiﬀness matrix may be updated. In some cases, over-relaxation or
under-relaxation methods may be useful (Gerald and Wheatley, 2003).
7. Values attained at the end of each time interval are considered as initial values for the next time interval.
8. Trend of change of the maximum lateral displacement component versus loads (or vice versa) is
determined.
9. Using an appropriate instability criterion, e.g. the one that is recently proposed by Shariyat (2007), the
dynamic buckling load is determined.4. Numerical results and discussions
Second order, nine-node Lagrangian elements were used in the present research. As a ﬁrst example, buck-
ling of a zirconia–aluminum FGM shell studied by Woo et al. (2005) is reexamined. The inner surface of the
shell is aluminum-rich and the outer surface is pure zirconia. In Table 1, the present results are compared with
Table 1
A comparison between the present load parameters and those reported by Woo et al. (2005)
Zerconia N = 0.5 N = 2 Aluminum
Woo et al. (2005) 1.792 1.421 1.138 0.836
Present 1.713 1.361 1.098 0.797
2606 M. Shariyat / International Journal of Solids and Structures 45 (2008) 2598–2612results of Woo et al. (2005) for an all edges clamped boundary condition. Results are expressed by values of a
dimensionless load parameter that is deﬁned as:Table
Mater
Mater
Zircon
Ti–6A
Si3N4
SUS30P ¼ N 0xa2=ðEmh3Þ ð23Þwhere, Em is Young’s modulus of the metal, N
0
x is the axial load per length of the uniformly loaded edge, a is
the projection of the shell in the x-direction.
Discrepancies in the numerical results are mainly due to the fact that the generalized nonlinear strain–dis-
placement relations (Eq. (7)) used in the present analysis lead to lower buckling loads (Shariyat and Eslami,
1999).
Two sets of FGM cylindrical shells with two constituent materials are considered in the following
examples. The ﬁrst set consists of silicon nitride and stainless steel (Si3N4/SUS304) and the second set is
composed of zirconia oxide and titanium alloy (ZrO2/Ti  6Al  4V). The material properties are listed in
Table 2 (Ravichandran, 1995; Praveen et al., 1999).
Many valuable works have been published by Shen et al. The majority of these works are done using the
classical shell theory (Shen, 2003, 2004, 2005; Shen and Leung, 2003; Shen et al., 2005). Results of Shen and
Noda (2005) that are based on a high-order theory are chosen for comparison purposes. Shen and Noda
(2005), considered a static loading and assumed that the thermal loading is accomplished prior to the mechan-
ical loading. Results of Shen and Noda (2005) as well as the present results are shown in Table 3. In Table 3,2
ial properties of the constituent materials of the considered FGM shells (Ravichandran, 1995; Praveen et al., 1999)
ial Property P0 P1 P1 P2 P3
ia E [Pa] 244.26596e9 0 1.3707e3 1.21393e6 3.681378e10
m 0.2882 0 1.13345e4 0 0
a[K1] 12.7657e6 0 0.00149 1.e6 0.6775e11
j [W/mK] 1.7 0 0.0001276 0.66485e5 0
q[kg/m3] 5700 0 0 0 0
Cv[J/kgK] 487.34279 0 3.04908e4 6.037232e8 0
l–4V E [Pa] 122.55676e9 0 4.58635e4 0 0
m 0.28838235 0 1.12136e4 0 0
a [K1] 7.57876e6 0 0.00065 0.31467e6 0
j [W/mK] 1.20947 0 0.0139375 0 0
q [kg/m3] 4429 0 0 0 0
Cv [J/kgK] 625.29692 0 4.2238757e4 7.1786536e7 0
E [Pa] 348.43e9 0 3.70e4 2.160e7 8.946e11
m 0.24 0 0 0 0
a [K1] 5.8723e6 0 9.095e4 0 0
j [W/mK] 13.723 0 0 0 0
q [kg/m3] 2370 0 0 0 0
Cv [J/kgK] 555.11 0 1.016e3 2.92e7 1.67e10
4 E [Pa] 201.04e9 0 3.079e4 6.534e7 0
m 0.3262 0 2.002e4 3.797e7 0
a[K1] 12.330e6 0 8.086e4 0 0
j [W/mK] 15.379 0 0 0 0
q[kg/m3] 8166 0 0 0 0
Cv [J/kgK] 496.56 0 1.151e3 1.636e6 5.863e10
Table 3
A comparison between the predicted buckling loads of FGM (Si3N4/SUS304) cylindrical shells subjected to various combinations of axial
compression, external pressure, and static radial temperature gradient L
2
R:h ¼ 500; T 0 ¼ T i ¼ 300 ½K
 
R/h N Buckling load
[Mpa]
To = 300 [K] To = 600 [K] To = 900 [K]
Shen and Noda
(2005)
Present Shen and Noda
(2005)
Present Shen and Noda
(2005)
Present
300 0.2 rcr 400.462 382.434 246.056 234.293 183.825 174.795
rcr(b = 100) 394.361 373.462 217.875 207.798 99.964 94.616
rcr(b = 10) 126.572 118.977 125.321 119.314 125.53 118.97
pcr 0.11 0.104 0.109 0.103 0.108 0.102
1 rcr 461.427 438.34 299.752 283.765 206.328 195.748
rcr(b = 100) 425.393 404.536 280.897 268.037 133.933 127.663
rcr(b = 10) 145.11 138.034 140.988 135.287 138.753 131.378
pcr 0.126 0.117 0.122 0.115 0.119 0.112
2 rcr 489.047 463.736 328.23 310.536 216.454 206.426
rcr(b = 100) 448.927 426.068 312.739 296.938 152.492 144.681
rcr(b = 10) 152.776 146.609 147.709 139.868 143.878 137.032
pcr 0.132 0.127 0.127 0.121 0.123 0.116
30 0.2 rcr 4110.57 3863.94 3790.912 3587.37 3493.155 3283.56
rcr(b = 100) 3865.174 3673.37 3785.175 3572.23 3461.331 3254.12
rcr(b = 10) 1248.377 1178.16 1230.89 1171.65 1216.803 1169.64
pcr 11.061 10.76 10.905 10.32 10.779 10.04
1 rcr 4735.332 4496.29 4340.688 4172.84 3954.151 3687.68
rcr(b = 100) 4420.001 4183.64 4281.516 4018.52 3930.001 3665.61
rcr(b = 10) 1427.56 1348.34 1383.632 1302.36 1348.004 1276.23
pcr 12.648 11.93 12.258 11.57 11.942 11.07
2 rcr 5018.193 4696.56 4589.686 4271.88 4163.306 3919.96
rcr(b = 100) 4654.402 4361.68 4479.271 4206.87 4142.397 3870.35
rcr(b = 10) 1503.253 1391.67 1447.439 1371.24 1402.305 1324.74
pcr 13.319 12.87 12.824 12.09 12.423 11.93
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and moderately thick cylindrical shells under four loading combinations: pure axial compression, two diﬀerent
combinations of axial and radial loads b ¼ 2rcrðR=hÞpcr ¼ 10; 100
 
, and pure external pressure under three sets of
thermal conditions: To = 300 [K], To = 600 [K], and To = 900 [K]. T0, Ti, and To are the environment, the
inner surface, and the outer surface temperatures, respectively.
Results shown in Table 3 reveal that as the volume fraction index or the radius to thickness ratio decreases,
or the temperature gradient increases, the mechanical buckling load of the Si3N4 /SUS304 cylindrical shell
reduces. Buckling loads are less temperature-sensitive in shells subjected to external pressure. More discrep-
ancies among the present results and results reported by Shen and Noda (2005) are observed for moderately
thick shells. Discrepancies in the numerical results are mainly due to the fact that the generalized nonlinear
strain–displacement relations adopted in the present analysis lead to lower buckling loads. Both mechanical
and thermal dynamic loadings are applicable in the current approach. In essence, buckling under axial loading
and buckling under radial loads have diﬀerent natures. Therefore, some shells undergo pure axial loading or
pure radial loading as well as radial temperature gradients are adopted for a parametric study. Corresponding
results are shown in Figs. 2–5. In these ﬁgures, W is the maximum amplitude of the radial displacement com-
ponent and W0 is the amplitude of the initial geometric imperfections. Although arbitrary functions may be
used for describing the initial geometric imperfections in the proposed formulation, the overall shape of the
initial geometric imperfections is chosen similar to the radial displacements shape in the present examples.
Fig. 2 illustrates the postbuckling behavior of perfect and imperfect moderately thick Si3N4/SUS304 shells
under static axial compression and static radial temperature gradient. Three sets of thermal boundary condi-
tions were examined. The buckling has been occurred inward and a snap-through buckling is noticed. This
phenomenon is more perceptible in lower temperature gradients. Although the buckling loads are reduced
due to material properties degradation caused by the higher temperature gradients, lower temperature gradi-
Fig. 2. Eﬀect of the static radial temperature gradient on the postbuckling behavior of Si3N4/SUS304 cylindrical shells under axial
compression Rh ¼ 300; L
2
R:h ¼ 500; T 0 ¼ T i ¼ 300 ½K;N ¼ 2
 
. Case 1: To = 300 [K], case 2: To = 600 [K], and case 3: To = 900 [K].
Fig. 3. Eﬀect of the volume fraction index on the postbuckling behavior of Si3N4/SUS304 cylindrical shells under axial compression
R
h ¼ 300; L
2
R:h ¼ 500; T 0 ¼ T i ¼ 300 ½K; T o ¼ 600 ½K
 
.
2608 M. Shariyat / International Journal of Solids and Structures 45 (2008) 2598–2612ents has caused the shells to be stiﬀer in the postbuckling regime. As it may be noticed from Fig. 2, imperfec-
tion sensitivity decreases as the lateral deformation increases.
Fig. 3 shows the inﬂuence of the volume fraction index (N) on the static buckling of perfect and imperfect
relatively thick cylindrical Si3N4/SUS304 shells under thermo-mechanical loads. As it may be expected, buck-
ling loads are reduced as the volume fraction index is decreased.
Figs. 4 and 5 show, respectively, the eﬀects of the radial temperature gradients and the volume fraction
index (N) on the static buckling of perfect and imperfect relatively thick cylindrical Si3N4/SUS304 shells under
hydrostatic pressure. As it may be noticed, the shells are less sensitive to the initial geometric imperfections
and the temperature gradient than those subjected to axial compression, in the postbuckling region. The initial
deﬂections eﬀect diminishes as one proceeds in the postbuckling region.
At the time of solution, variations of the convection heat transfer coeﬃcient with temperature were not
available. Therefore, although the present formulation can treat thermal buckling due to convection heat
transfer, only conduction heat transfer is considered. As it is appeared in Eq. (19), thermal stresses are some-
what related to the bDT expression. Furthermore, buckling load corresponding to an inward movement of the
Fig. 4. Eﬀect of the static radial temperature gradient on the postbuckling behavior of Si3N4/SUS304 cylindrical shells subjected to
external pressure Rh ¼ 300; L
2
R:h ¼ 500; T 0 ¼ T i ¼ 300 ½K;N ¼ 2
 
. Case 1: To = 300 [K], case 2: To = 600 [K], and case 3: To = 900 [K].
Fig. 5. Eﬀect of the volume fraction index on the postbuckling behavior of Si3N4/SUS304 cylindrical shells subjected to external pressure
R
h ¼ 300; L
2
R:t ¼ 500; T 0 ¼ T i ¼ 300½K; T o ¼ 600½K
 
.
M. Shariyat / International Journal of Solids and Structures 45 (2008) 2598–2612 2609shell surface is considerably lower than that caused by an outward movement (Eslami and Shariyat, 1998).
Therefore, it may be concluded that in cases where the bDT expression is greater at the inner surface of
the shell, buckling is more likely to occur in lower thermo-mechanical loads. Table 4 demonstrates the Inﬂu-
ences of the type of the theory, dynamic loading, and volume fraction index on the buckling temperatures of
uniformly heated simply-supported FGM cylindrical shells. In this case, it is readily veriﬁed that
ðb  DT ÞZrO2 > ðb  DT ÞTi6Al4V and ðb  DT ÞSi3N4 < ðb  DT ÞSUS304. Therefore, opposite buckling behaviors are
expected to appear with increasing the volume fraction index when comparing the Si3N4/SUS304 shells with
the ZrO2/Ti  6Al  4V shells or when a comparison is made between the ZrO2/Ti  6Al  4V shells and the
Ti  6Al  4V/ZrO2 shells, for example. Results of Table 4 conﬁrm this idea. The same idea may be deduced
when reviewing the present results for the suddenly heated FGM cylindrical shells. Results of Shen (2004) are
based on the classic shell theory and static loading.
In the following example, temperature of the inner surface is held constant (Ti = 300 [K]). Two distinct
dynamic buckling cases are investigated: thermal buckling of FGM cylindrical shells already subjected to axial
Table 4
Inﬂuences of the theory, dynamic loading, and volume fraction index on the buckling temperatures (in K) of uniformly heated simply-
supported FGM cylindrical shells Rh ¼ 400; L
2
R:h ¼ 300; T 0 ¼ 300½K
 
N Si3N4/SUS304 SUS304/Si3N4 ZrO2/Ti–6Al–4V Ti–6Al–4V/ZrO2
Shen
(2004)
(static)
Present
(static)
Present
(sudden
heating)
Shen
(2004)
(static)
Present
(static)
Present
(sudden
heating)
Shen
(2004)
(static)
Present
(static)
Present
(sudden
heating)
Shen
(2004)
(static)
Present
(static)
Present
(sudden
heating)
0 382.2661 365.731 284.92 459.439 439.809 366.02 491.2673 469.621 364.06 359.1458 343.052 264.28
0.2 390.6354 374.268 296.53 437.6332 416.983 328.13 442.2616 424.311 328.91 365.0509 348.910 268.01
0.5 399.8903 382.894 303.86 422.0153 403.761 319.24 402.918 384.619 299.43 372.6016 355.838 274.91
1 410.2505 391.462 310.79 410.2505 392.511 311.10 383.4589 366.022 283.12 383.4589 366.851 285.13
2 422.2118 403.312 321.34 401.1375 384.055 304.78 371.3242 356.145 273.27 401.2534 383.956 297.08
3 429.1533 408.984 326.89 397.183 380.792 301.63 366.8971 351.651 269.54 415.4941 397.257 308.72
5 437.1468 418.528 334.09 393.2538 375.803 297.31 363.3554 347.135 266.98 437.9041 420.708 327.02
Table 5
A comparison among the predicted buckling temperatures (in K) of pre-stressed FGM (Si3N4/SUS304) cylindrical shells, subjected to
various thermal loads Rh ¼ 300; L
2
R:h ¼ 500; T 0 ¼ 300 ½K
 
b Buckling stress [MPa] N (To)cr [K], Static temperature distribution (To)cr [K], Suddenly heated outer surface
1 234.293 0.2 600 497.13
100 207.798 508.96
10 119.314 517.70
0 0.103 524.34
1 283.765 1 502.03
100 268.037 514.16
10 135.287 522.65
0 0.115 528.12
1 310.536 2 506.05
100 296.938 519.36
10 139.868 526.09
0 0.121 532.94
1 174.795 0.2 900 753.28
100 94.616 762.17
10 118.97 771.39
0 0.102 786.03
1 195.748 1 761.53
100 127.663 768.91
10 131.378 779.06
0 0.112 794.42
1 206.426 2 763.19
100 144.681 770.37
10 137.032 796.02
0 0.116 798.92
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state thermal conditions) under a combination of dynamic axial and lateral mechanical loads (Table 6). In
Tables 5 and 6, for cases with b =1, 100, and 10, rcr is chosen to represent the buckling stress value, for
the case with b = 0, pcr is speciﬁed for the same purpose. Results of Table 6 reveal that buckling loads of shells
subjected to external pressure are less temperature-sensitive. This idea may be conﬁrmed by a comparison
between results illustrated in Figs. 2 and 4.5. Conclusions
Works available in literature in the ﬁeld of thermal buckling analysis of pre-stressed cylindrical FGM shells
are very limited and are restricted to static buckling investigations. In the present paper, dynamic buckling of a
Table 6
A comparison among the predicted mechanical buckling loads (in MPa) of FGM (Si3N4/SUS304) cylindrical shells subjected to initial
radial temperature gradients Rh ¼ 300; L
2
R:h ¼ 500; T 0 ¼ 300 ½K
 
To N b Static buckling load Suddenly loaded shell
600 [K] 0.2 1 234.293 193.88
100 207.798 172.39
10 119.314 98.26
0 0.103 0.086
1 1 283.765 236.34
100 268.037 223.76
10 135.287 112.94
0 0.115 0.097
2 1 310.536 258.61
100 296.938 247.45
10 139.868 116.36
0 0.121 0.102
900 [K] 0.2 1 174.795 148.8
100 94.616 80.96
10 118.97 101.67
0 0.102 0.087
1 1 195.748 167.47
100 127.663 110.26
10 131.378 112.04
0 0.112 0.096
2 1 206.426 176.37
100 144.681 123.53
10 137.032 117.01
0 0.116 0.103
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FGM imperfect cylindrical shell in thermal environment, with temperature-dependent properties are pre-
sented. The general form of Green’s strain tensor in curvilinear coordinates and a high order shell theory pro-
posed already by the author are used. It is common to use semi-analytical solutions in the buckling analysis
problems. Truncated double Fourier series or one-term solution may either lead to considerable errors in the
results or restrict the solution to a speciﬁc boundary condition. In the present research, the complicated non-
linear governing equations are solved using the ﬁnite elements method. Buckling load is detected by a modiﬁed
Budiansky’s criterion proposed by the author. The eﬀects of temperature-dependency of the material proper-
ties, volume fraction index, load combination, and initial imperfections on the thermo-mechanical post-buck-
ling behavior of a shell with two constituent materials subjected to thermo-mechanical loads are evaluated.
The results reveal that the volume fraction index and especially, the diﬀerences between the thermal stresses
created in the outer and the inner surfaces may change the buckling behavior. Furthermore, temperature gra-
dient and initial imperfections have less eﬀect on buckling of a shell subjected to a pure external pressure.
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